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Plasma waves in the two-dimensional electron-hole system in a graphene-based heterostructure
controlled by a highly conducting gate are studied theoretically. The energy spectra of
two-dimensional electrons and holes are assumed to be conical neutrinolike, i.e., corresponding to
their zero effective masses. Using the developed model, we calculate the spectrum of plasma waves
spatio-temporal variations of the electron and hole densities and the self-consistent electric
potential. We find that the sufficiently long plasma waves exhibit a linear soundlike dispersion,
with the wave velocity determined by the gate layer thickness, the gate voltage, and the temperature.
The plasma wave velocity in graphene heterostructures can significantly exceed the plasma wave
velocity in the commonly employed semiconductor gated heterostructures. The gated graphene
heterostructures can be used in different voltage tunable terahertz devices which utilize the plasma
waves. © 2007 American Institute of Physics. DOI: 10.1063/1.2426904
I. INTRODUCTION
Recent progress in fabrication of graphene, a monolayer
of carbon atoms forming a dense honeycomb two-
dimensional 2D crystal structure which can also be con-
sidered as an unrolled single-wall carbon nanotube or as a
giant flat fullerene molecule, and the demonstration of its
exceptional electronic properties have attracted much
interest.1 The possibility of creating novel electronic devices
on the basis of graphene heterostructures see, for instance,
Refs. 2 and 3 has caused a surge of experimental and theo-
retical publications. The massless neutrinolike energy spec-
trum of electrons and holes in graphene can lead to specific
features of the transport properties,4,5 photon-assisted
transport,6 and quantum Hall effect,7–9 as well as the unusual
high-frequency properties and collective behavior of the 2D
electron or hole 2DEG or 2DHG systems in graphene-
based heterostructures.10–13 The plasma waves in graphene-
based heterostructures, in which the 2DEG or 2DHG system
can serve as a resonant cavity or as a voltage-controlled
waveguide, can be used in different devices operating in the
terahertz THz range of frequencies.14,15 Since the spectrum
of plasma waves is sensitive to the electron hole mass, the
plasma waves in graphene heterostructures can exhibit spe-
cific features associated with the zero electron and hole
masses. The electron and hole sheet densities in graphene
heterostructures with the conducting gate can be effectively
varied by the gate voltage.1 Thus, the massless electron and
hole spectra and voltage tunability of the electron and hole
densities open up new opportunities to create novel THz
plasma wave devices based on graphene heterostructures on
silicon substrates.
In this work, the spectrum of plasma waves spatio-
temporal variations of the electron and hole densities and
self-consistent electric potential in a gated graphene hetero-
structure in wide ranges of the gate voltages and the tempera-
tures is studied. A gated graphene heterostructure with
n+-Si substrate serving as the gate and the gate layer made of
SiO2 shown in Fig. 1 is considered. A limiting case of rela-
tively large positive gate voltages at sufficiently low tem-
peratures was considered recently by one of the present
authors.13 In this case, the plasma waves are associated with
a degenerate 2DEG. Here, we generalize the study of plasma
waves in gated graphene heterostructures for the situation
when the gate voltage and temperature vary in wide ranges,
so that the contribution of both electrons and holes and the
features of their energy distributions can be essential.
II. EQUATIONS OF THE MODEL
We shall consider “classical” plasma waves with the
wavelength  markedly exceeding the characteristic length
of the electron de Broglie wave F. In this case, we can use
the following kinetic equations coupled with the equation














aElectronic mail: v-ryzhii@u-aizu.ac.jp FIG. 1. Schematic view of a gated graphene heterostructure.
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z=0 = Ih. 2
Here, fe= fep ,r , t and fh= fhp ,r , t are the electron and
hole distribution functions, respectively, =r ,z , t is the
electric potential, p = px , py is the electron or hole in-plane
momentum, r = x ,y x and y correspond to the directions in
the graphene layer plane, while axis z is directed perpendicu-
lar to this plane, and e= e is the electron charge. The quan-
tity vp is the velocity of an electron and a hole with momen-
tum p: vp =p /p, where p =vFp corresponds to the
electron and hole massless spectra and vF is the characteristic
Fermi velocity. As a result, vp =vFp / p, where p= p. The
terms Ie and Ih on the right-hand sides of Eqs. 1 and 2
govern the processes of electron and hole scattering and re-
combination. For the sake of simplicity, we disregard the
electron and hole scattering processes and their recombina-
tion, and therefore set Ie=0 and Ih=0. This is justified when
the characteristic frequency of plasma waves significantly
exceeds the pertinent collision frequencies.
The Poisson equation which supplements Eqs. 1 and












e − hz , 3
where æ is the dielectric constant of the surrounding space
and z is the Dirac delta function playing the role of the
form factor of the 2DEG and 2DHG localization in the di-
rection perpendicular to the graphene plane. Here, we have
neglected the finiteness of the localization region thickness.
The electron and hole sheet densities e=er , t and h
=hr , t and the distribution functions fe= fep ,r , t and fh
= fhp ,r , t are related by the following equations:
e =
2
22  d2 p fe, h = 222  d2 p fh, 4
where  is the reduced Planck constant.
In equilibrium, the electron and hole distribution func-
tions are given by









where F is the Fermi energy, T is the temperature, and kB is
the Boltzmann constant. The Fermi energy is determined by
the condition of neutrality æVg /Wg=4ee0−h0, where
Vg is the gate voltage, Wg is the gate layer thickness, and e0
and h0 are the equilibrium electron and hole densities, re-




= d2 pfe0 − fh0 . 6






























1 + exp	 − F/kBT
−
1
1 + exp	 + F/kBT
 . 8
At Vg=0, Eqs. 7 and 8 naturally yield F=0 which cor-
responds to e0=h0.
III. DISPERSION EQUATION FOR PLASMA WAVES
Using the standard small-signal analysis, i.e., assuming
that fe,hp ,r , t= fe0,h0p+fe,hpexpikx−
t and
r ,z , t=zexpikx−
t, where fe,h fe0,h0 are
small perturbations, k and 
 are the wave number and fre-
quency of the plasma wave, respectively, from Eqs. 1 and
2 we arrive at the following equations:
kvFpx/p − 
fe = − ek  fe0px z=0, 9
kvFpx/p − 
fh = ek  fh0px z=0. 10
Assuming that the gate is equipotential its potential is
equal to Vg, Eq. 3 results in the following:
z=0 = −
4ee − h
æ 2kcothkWg + 1
. 11
Using Eqs. 4 and 11, we obtain
z=0 = −
2e
æ 2kcothkWg + 1
 d2 pfe − fh .
12
Substituting fe and fh from Eqs. 9 and 10 into Eq. 12,
we arrive at the dispersion equation relating the wave num-






 − kvFpx/p− fe0 + fh0px  .
13
Taking into account Eqs. 5 and 6, Eq. 13 can be trans-
formed as
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1 + exp	 − F/kBT
+
1
1 + exp	 + F/kBT
 .
14
Here, we have used the variables =cos−1px / p and 	
=vFp /kBT.
Integrating in Eq. 14 over d and d	, we arrive at the
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K−1 = kWgcothkWg + 1 . 19
IV. LIMITING CASES
A. Low temperatures or high gate voltages
At sufficiently low temperatures or at sufficiently high
positive gate voltages, the electron density substantially ex-
ceeds the density of holes and the electron Fermi energy is
much larger than the thermal energy F
=vFæVg /2eWgkBT, so that 2DEG is degenerate and










2 8e3WgVgæ2vF2 . 21
At sufficiently high gate voltages, 1. In this case,
from Eq. 16 we obtain

  vFk 2kWgcothkWg + 1 . 22
For long plasma waves kWg1, Eq. 22 yields compare
with Ref. 13

  vFk	1 − kWg2 
2 . 23
One can see that relatively long plasma waves longer
than the gate layer thickness in the gated graphene exhibit a
linear soundlike spectrum with the wave phase and group
velocities, which depend on the gate voltage via the voltage
dependence of parameter . In this case, the wave phase and
group velocities, 
 /k and 
 /k, are equal to






These velocities depend on the gate voltage via the volt-
age dependence of parameter  as Vg
1/4. If æ=3.8, vF
=108 cm/s , Wg=310
−5 cm as in Ref. 1, and Vg=1
−10 V, one obtains 48−152 and s4.9−8.7
108 cm/s. In this case, the electron sheet density 07
 1010−1011 cm−2 corresponds to the Fermi energy F
40−126 meV. Since 1 in a wide range of parameters,
one can assume that svF or even svF.
For short plasma waves kWg1, Eq. 20 yields





B. Elevated temperatures and low gate
voltages
At low gate voltages, the Fermi energy is small. In par-
ticular, when Vg=0, one has F=0. Therefore, at low gate
voltages one can assume that FkBT. In this case, D











At elevated temperatures TTg= æ2vF2 /
4 ln 4kBe
2Wg, parameter 1, and

  vFk 2kWgcothkWg + 1 . 28
If æ=3.8, vF=108 cm/s, and Wg=310−5 cm, one ob-
tains the following estimate: Tg7 K. For long plasma
waves kWg1 one obtains







so that the phase and group velocities can be presented as
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As follows from Eq. 24, the frequency and the phase
and group velocities of long plasma waves increase with the
temperature as T1/2. This is due to the pertinent increase in
the electron and hole densities.
For relatively short plasma waves kWg1 we arrive
at11

  k2 ln 2e2kBT
æ2
. 31
V. GENERAL RESULTS AND DISCUSSION
The spectra of plasma waves in a graphene heterostruc-
ture with vF=108 cm/s at T=10 K calculated using Eq. 15
invoking Eq. 7 for different gate voltages are shown in Fig.
2. The plasma frequency versus wave number dependences
are close to linear dependences at small wave numbers 

k. At large wave numbers short plasma waves, the
plasma frequency increases with the wave number as 

k. As seen, the plasma frequency pronouncedly increases
with increasing gate voltage. Figure 3 shows the dependence
of the plasma wave phase velocity s at small k as a function
of the gate voltage and the temperature. As follows from Fig.
3, the phase velocity is sensitive to the temperature only at
low gate voltages when 2DEG and 2DHG systems are not
degenerate. This is confirmed by the dependences shown in
Fig. 4.
Taking into account that for a degenerate 2DEG with
































where m* is the electron hole “normal” effective mass and
æ* is the dielectric constant of the pertinent material see, for
instance, Refs. 14 and 15. The fictitious mass m determines
the relationship between the electron mobility and electron
transport time.16 However, the voltage dependences of s in
the 2DEG of massless and normal electrons are different.
The point is that in both cases eVg. But, the effective
mass of the massless electrons increases with Vg as mF
Vg
1/2, whereas an increase in the effective mass of normal
electrons is weak because it is associated with a modest non-
parabolicity of their energy spectrum. One can see from Eqs.








Since mm* in certain ranges of thicknesses and volt-
ages and usually ææ*, the plasma wave velocity in
graphene heterostructures can pronouncedly exceed that in
normal heterostructures. For example, assuming that vF
=108 cm/s , æ=3.8, æ*=12, Wg= 1−310−5 cm, and Vg
=1−3 V, the ratio of the wave velocity in graphene hetero-
structures to that in AlGaAf/GaAs heterostructures with m*
=610−29 g can be estimated as s /s*3−5.
FIG. 2. Plasma wave frequency versus wave number calculated for a
graphene heterostructure Wg=310−5 cm and T=10 K at different gate
voltages.
FIG. 3. Dependences of the plasma wave phase velocity long plasma
waves on the gate voltage and temperature.
FIG. 4. Dependences of the plasma wave phase velocity long plasma
waves on the gate voltage in graphene heterostructures at different
temperatures.
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For a nondegenerate 2DEG-2DHG system Vg=0 and
F=0, Eq. 4 yields

















In this case, taking into account that the net carrier density is
equal to e0+h0, the wave velocity can be presented in the
form
s =4e2Wge0 + h0
æm
, 38
in which m= 2kBT /12vF
2.
As follows from Eq. 16, the plasma wave phase veloc-
ity always exceeds the electron hole velocity, i.e., 
 /k
vF, disregarding the shape of the electron hole distribu-
tion. This implies that the Landau damping of the plasma
waves in the system under consideration is absent. The
plasma wave damping is associated with the electron hole
scattering. The damping of the plasma waves associated with
the scattering can be estimated as =1/2, where  is the
electron transport time. This time and the electron mobility 
in the massless 2DEG are related by an equation which is
different from that for the customary 2DEG. Taking into ac-
count that for the massless 2DEG the dc conductivity is pro-
portional to F,
16 one can express  via : =m /e, where,
in contrast to the semiconductors with the customary elec-
tron spectrum, m=F /vF
2 , i.e., the fictitious mass introduced
above.
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